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1 Ìåòîä ïîäñòàíîâîê

Ïðèìåð 1. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå ïðè âñåõ x, y ∈ R
óäîâëåòâîðÿþò óðàâíåíèþ

f(x+ y) = x+ yf(x) + (1− x)y. (1)

Ðåøåíèå. Ïóñòü f � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ (1). Ïîñêîëüêó (1)
âûïîëíÿåòñÿ ïðè âñåõ çíà÷åíèÿõ ïåðåìåííûõ x è y, òî îíî áóäåò âû-
ïîëíÿòüñÿ è ïðè êîíêðåòíûõ çíà÷åíèÿõ ýòèõ ïåðåìåííûõ. Ïîäñòàâèâ,
íàïðèìåð, y ðàâíîå 0 â èñõîäíîå óðàâíåíèå, ìû ïîëó÷èì f(x) = x. Ýòî
ðàâåíñòâî äîëæíî âûïîëíÿòüñÿ ïðè ëþáîì äåéñòâèòåëüíîì x.

Òàêèì îáðàçîì, (1)⇒ f(x) ≡ x, èëè, èíûìè ñëîâàìè, íèêàêàÿ ôóíê-
öèÿ êðîìå f(x) = x íå ìîæåò óäîâëåòâîðÿòü óðàâíåíèþ (1). Ýòî, òåì íå
ìåíåå, íå äîêàçûâàåò, ÷òî ôóíêöèÿ f(x) = x ÿâëÿåòñÿ ðåøåíèåì ôóíê-
öèîíàëüíîãî óðàâíåíèÿ (1). Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî
íàéäåííàÿ ôóíêöèÿ äåéñòâèòåëüíî óäîâëåòâîðÿåò óðàâíåíèþ ïðè âñåõ
x, y ∈ R.

×òîáû ïîêàçàòü íåîáõîäèìîñòü âûïîëíåíèÿ ïðîâåðêè íàéäåííîãî ìå-
òîäîì ïîäñòàíîâîê ðåøåíèÿ, ðàññìîòðèì ñëåäóþùèé

Ïðèìåð 2. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå ïðè âñåõ x, y ∈ R
óäîâëåòâîðÿþò óðàâíåíèþ

f(x+ y) = x+ yf(x) + (1− sinx)y. (2)

Ðåøåíèå. Òî÷íî òàê æå êàê è â ïðåäûäóùåì ïðèìåðå, óñòàíàâëèâàåì,
÷òî äëÿ ôóíêöèè f , êîòîðàÿ óäîâëåòâîðÿåò (2), äîëæíî âûïîëíÿòüñÿ
òîæäåñòâî f(x) ≡ x. Îäíàêî, ïîäñòàâèâ ôóíêöèþ f(x) = x â (2), ìû
òîæäåñòâà íå ïîëó÷èì. Ïîñêîëüêó íèêàêèå äðóãèå ôóíêöèè òàêæå íå
ìîãóò áûòü ðåøåíèÿìè (2), òî äàííîå óðàâíåíèå ðåøåíèé íå èìååò.
Óïðàæíåíèÿ.

3. xf(y) + yf(x) + zf(x+ y + z) = z2 + x(y + z) + y(x+ z).
4. f(y) sinx = f(x2 + y)− 7y.
5. f(x) cos y + f(π/2− x) sin y = sin(x+ y).
6. (x+ y)f(x+ y) = xf(x) + y2.
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2 Ïîèñê ïîäñòàíîâîê

Ïðèìåð 7. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå ïðè âñåõ x, y ∈ R
óäîâëåòâîðÿþò óðàâíåíèþ

f(x+ y2 + 2y + 1) = y4 + 4y3 + 2xy2 + 5y2 + 4xy + 2y + x2 + x+ 1. (3)

Ðåøåíèå. Ïîñêîëüêó ìû õîòèì ïîëó÷èòü âûðàæåíèå f(x), ïîïðîáóåì
èçáàâèòüñÿ îò ñëàãàåìîãî y2 + 2y + 1 ïîä çíàêîì ôóíêöèè. Óðàâíåíèå
y2 + 2y + 1 = 0 èìååò îäíî ðåøåíèå y = −1. Ïîäñòàâëÿÿ y = −1 â (3),
ïîëó÷àåì f(x) = x2 − x+ 1. Îñòàåòñÿ ñäåëàòü ïðîâåðêó.
Ïðèìåð 8. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå ïðè âñåõ x, y ∈ R
óäîâëåòâîðÿþò óðàâíåíèþ

f((x2 + 6x+ 6)y) =

= y2x4 + 12y2x3 + 48y2x2 − 4yx2 + 72y2x− 24yx+ 36y2 − 24y. (4)

Ðåøåíèå. Êàê è â ïðîøëîì ïðèìåðå, ìû õîòèì ïîëó÷èòü ïîä çíàêîì
ôóíêöèè ñâîáîäíóþ ïåðåìåííóþ (x èëè y). Â äàííîì ñëó÷àå, î÷åâèäíî,
ïðîùå ïîëó÷èòü y. Ðåøèâ óðàâíåíèå (x2 + 6x + 6)y = y îòíîñèòåëüíî x,
ïîëó÷àåì x1 = −1, x2 = −5. Ïîäñòàíîâêà ëþáîãî èç ýòèõ çíà÷åíèé â (4)
äàåò íàì f(y) = y2 − 4y. Ïðîâåðêó ñäåëàéòå ñàìîñòîÿòåëüíî.
Óïðàæíåíèÿ.

9. f(x cos y + y cosx) = sin2 x+ sin2 y.
10. f(x+ y2− 2y− 3) = y4− 4y3 + 2xy2− 3y2− 4xy+ 14y+ x2− 7x+ 12.
11. f : [0,+∞)→ R, f(x2 + 2x

√
y + y) = x+

√
y.

12. f(x3 + 6x2 + 11x+ y+ 6) = x6 + 12x5 + 58x4 + 2yx3 + 144x3 + 12yx2 +
193x2 + 22yx+ 132x+ y2 + 12y + 37.
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3 Èñïîëüçîâàíèå îäíîçíà÷íîñòè ôóíêöèè

Ñîãëàñíî êëàññè÷åñêîìó îïðåäåëåíèþ ôóíêöèÿ êàæäîìó ýëåìåíòó èç îá-
ëàñòè îïðåäåëåíèÿ ñòàâèò â ñîîòâåòñòâèå åäèíñòâåííûé ýëåìåíò èç îá-
ëàñòè çíà÷åíèé, ò.å. ÿâëÿåòñÿ îäíîçíà÷íîé.

Ýòî ñâîéñòâî ìîæíî èñïîëüçîâàòü ïðè ðåøåíèè ôóíêöèîíàëüíûõ óðàâ-
íåíèé, ïîäáèðàÿ ïîäñòàíîâêè òàê, ÷òîáû ïîëó÷àòü îäèíàêîâûå âûðàæå-
íèÿ ïîä çíàêîì ôóíêöèè.
Ïðèìåð 13. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå ïðè âñåõ x, y ∈ R
óäîâëåòâîðÿþò óðàâíåíèþ

f(x+ y) = xy. (5)

Ðåøåíèå. Çàäà÷ó ìîæíî ïåðåôîðìóëèðîâàòü òàê: íàéòè òàêèå ôóíê-
öèè, êîòîðûå ïî ñóììå äâóõ äåéñòâèòåëüíûõ ÷èñåë âîññòàíàâëèâàþò èõ
ïðîèçâåäåíèå. Èíòóèòèâíî ÿñíî, ÷òî ýòî íåâîçìîæíî � ñóììà è ïðîèç-
âåäåíèå äâóõ ÷èñåë ÿâëÿþòñÿ ¾íåçàâèñèìûìè¿, â òî âðåìÿ êàê ðàâåí-
ñòâî (5) (åñëè áû èñêîìàÿ ôóíêöèÿ f ñóùåñòâîâàëà) êàê ðàç âûðàæàëî
áû òàêóþ çàâèñèìîñòü.

Äåéñòâèòåëüíî, ñèñòåìà óðàâíåíèé{
x+ y = u,

xy = v;

èìååò ðåøåíèÿ ïðè ëþáûõ u è v òàêèõ, ÷òî u2 > 4v (ïðîâåðüòå ýòî!), òî
åñòü ïðè çàäàííîé ñóììå u äâóõ ÷èñåë èõ ïðîèçâåäåíèå v ìîæåò ïðèíè-
ìàòü áåñêîíå÷íî ìíîãî çíà÷åíèé.

×òîáû áûñòðî è íàãëÿäíî ïîêàçàòü îòñóòñòâèå ðåøåíèé óðàâíåíèÿ (5),
äîñòàòî÷íî ïîäñòàâèòü â íåãî äâå ïàðû ÷èñåë x, y ñ ðàâíîé ñóììîé è
ðàçíûìè ïðîèçâåäåíèÿìè. Íàïðèìåð, ïîäñòàíîâêà x = 0, y = 2 äàåò
f(2) = 0, à ïîäñòàíîâêà x = y = 1 äàåò f(2) = 1. Èç ïîëó÷åííîãî ïðîòè-
âîðå÷èÿ ñëåäóåò, ÷òî èñêîìûõ ôóíêöèé f íå ñóùåñòâóåò.

Ðàññìàòðèâàåìûé ïðèåì îñîáåííî ïîëåçåí äëÿ èññëåäîâàíèÿ ôóíê-
öèîíàëüíûõ óðàâíåíèé ñ îäíîé ïåðåìåííîé, ò.ê. ðàññìîòðåííûå ðàíåå
ïðèåìû äëÿ íèõ íå ðàáîòàþò.
Ïðèìåð 14. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå ïðè âñåõ x ∈ R
óäîâëåòâîðÿþò óðàâíåíèþ

f((x+ 1)2) = (x− 1)2.
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Ðåøåíèå. Ãðàôèêîì ôóíêöèè (x+1)2 ÿâëÿåòñÿ ïàðàáîëà ñ îñüþ x = −1.
Ïîýòîìó â òî÷êàõ, ñèììåòðè÷íûõ îòíîñèòåëüíî −1, âûðàæåíèå (x+ 1)2

áóäåò ïðèíèìàòü ðàâíûå çíà÷åíèÿ. Îñòàåòñÿ íàéòè äâå òî÷êè, ñèììåò-
ðè÷íûå îòíîñèòåëüíî −1, â êîòîðûõ (x−1)2 ïðèíèìàåò ðàçíûå çíà÷åíèÿ1.

Íàïðèìåð, ïîäñòàâëÿÿ ïîî÷åðåäíî x = 0 è x = −2, ïîëó÷àåì f(1) = 1
è f(1) = 9, îòêóäà ñëåäóåò, ÷òî èñêîìîé ôóíêöèè f íå ñóùåñòâóåò.
Óïðàæíåíèÿ.

15. f(x2 − 4x+ 7) = x.
16. f(cosx) = sinx.
17. f(x2 + xy + y2) = x+ y.
18. f(x+ 2y) = 2x+ y.

1Íåòðóäíî ïîêàçàòü, ÷òî â ëþáûõ äâóõ ðàçíûõ òî÷êàõ, ñèììåòðè÷íûõ îòíîñèòåëü-

íî −1, (x− 1)2 áóäåò ïðèíèìàòü ðàçíûå çíà÷åíèÿ.
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4 Ñþðúåêòèâíîñòü è çàìåíà ïåðåìåííîé

Ôóíêöèÿ f : A → B íàçûâàåòñÿ ñþðúåêòèâíîé, åñëè îíà ïðèíèìàåò âñå
çíà÷åíèÿ èç B, ò.å. ∀y ∈ B ∃x ∈ A : y = f(x).
Ïðèìåð 19. Ðåøèòü óðàâíåíèå

f(x+ 1) = x2 − 1. (6)

Ðåøåíèå. Ïîïðîáóåì íàéòè çíà÷åíèå ôóíêöèè f â òî÷êå t ∈ R. Äëÿ
ýòîãî íàéäåì òàêîå x, ÷òî x + 1 = t: x = t − 1. Îñòàåòñÿ ïîäñòàâèòü
x = t− 1 â èñõîäíîå óðàâíåíèå:

f(t) = (t− 1)2 − 1 = t2 − 2t.

Ýòî ðàâåíñòâî âûïîëíÿåòñÿ äëÿ âñåõ t ∈ R è ïîýòîìó èñêîìàÿ ôóíê-
öèÿ f(t) = t2 − 2t. Îñòàåòñÿ ñäåëàòü ïðîâåðêó. Â îêîí÷àòåëüíîì ðåçóëü-
òàòå ïåðåìåííóþ t ìîæíî ïåðåèìåíîâàòü â x: f(x) = x2 − 2x.

Ýòîò ïðèìåð ìîæåò áûòü îáîáùåí. Ââåäåì îáîçíà÷åíèÿ: ϕ(x) = x+1,
ψ(x) = x2 − 1. Òîãäà óðàâíåíèå (6) ìîæåò áûòü ïåðåïèñàíî â âèäå

f(ϕ(x)) = ψ(x), (7)

ãäå ϕ(x) è ψ(x) � íåêîòîðûå èçâåñòíûå ôóíêöèè. Êëþ÷åâóþ ðîëü çäåñü
èãðàåò ñþðúåêòèâíîñòü ôóíêöèè ϕ. Äåéñòâèòåëüíî, åñëè îêàæåòñÿ, ÷òî
ôóíêöèÿ ϕ íè ïðè êàêîì x ∈ R íå ïðèíèìàåò çíà÷åíèÿ y, òî ìû íå
ñìîæåì âû÷èñëèòü f(y) � óðàâíåíèå (7) íå ñîäåðæèò òàêîé èíôîðìàöèè.

Íà ïðàêòèêå ýòî ïðîÿâèòñÿ â òîì, ÷òî óðàâíåíèå ϕ(x) = t, êîòîðîå
ìû áóäåì ðåøàòü, âûïîëíÿÿ çàìåíó ïåðåìåííîé, áóäåò èìåòü ðåøåíèå íå
ïðè âñåõ t.
Ïðèìåð 20. Ðåøèòü óðàâíåíèå f(x2) = x10.
Ðåøåíèå. Ýòî óðàâíåíèå ïîëó÷àåòñÿ èç (7) ïðè ϕ(x) = x2, ψ(x) = x10.
Ôóíêöèÿ ϕ(x) = x2 ïðèíèìàåò ëèøü íåîòðèöàòåëüíûå çíà÷åíèÿ è ïîýòî-
ìó íå âûïîëíÿåò ñþðúåêòèâíîãî îòîáðàæåíèÿ R íà R. Òåì íå ìåíåå, åñëè
ϕ ðàññìàòðèâàòü êàê ôóíêöèþ èç R â [0,+∞), òî îíà áóäåò ñþðúåêòèâíà.
Äëÿ t > 0 çàìåíà t = x2 ðåàëèçóåòñÿ ïîäñòàíîâêîé x =

√
t, êîòîðàÿ äàåò

f(t) = t5.
×òî æå äåëàòü ñ t < 0? Èñõîäíîå óðàâíåíèå íå íàêëàäûâàåò íèêàêèõ

îãðàíè÷åíèé íà çíà÷åíèÿ f â òî÷êàõ t < 0, ïîýòîìó èõ ìîæíî çàäàâàòü
ïðîèçâîëüíûì îáðàçîì. Îòâåò óäîáíî çàïèñàòü â âèäå ìíîæåñòâà: {f :
f(x) = x5, t > 0}.

Ñäåëàåì ïðîâåðêó. Äëÿ ëþáîãî x ∈ R x2 > 0 è ïîýòîìó äëÿ ëþ-
áîé ôóíêöèè èç óêàçàííîãî ìíîæåñòâà âûïîëíÿåòñÿ ðàâåíñòâî f(x2) =
(x2)5 = x10.
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Ïðèìåð 21. Ðåøèòü óðàâíåíèå

f

(
x2

2
+ x

)
= (x+ 1)2.

Ðåøåíèå. Îáîçíà÷èì t = x2

2
+x. Òîãäà ëåãêî çàìåòèòü, ÷òî ïðàâàÿ ÷àñòü

âûðàæàåòñÿ ÷åðåç t: (x+ 1)2 = 2(x2

2
+ x) + 1 = 2t+ 1. Îñòàåòñÿ çàìåòèòü,

÷òî êîãäà x ïðîáåãàåò âñå R, t = x2

2
+x ïðîáåãàåò ìíîæåñòâî [−1/2,+∞).

Ïîýòîìó îòâåòîì áóäåò ìíîæåñòâî ôóíêöèé {f : f(x) = 2x+1, x > −1/2}.
Íå çàáóäüòå ñäåëàòü ïðîâåðêó.
Óïðàæíåíèÿ.

22. f(7x) = x2 + x+ 1.
23. f(1− 2x) = x+ 1.
24. f(1− x2) = 1− x4.
25. f : [0, 1]→ [0, 1], ∀x ∈ [0, π/2] f(sinx) = cos x.
26. f : [0,+∞)→ [0,+∞), ∀x > 0 f(x2) = x.
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5 Èñïîëüçîâàíèå çíà÷åíèé ôóíêöèè â íåêî-

òîðûõ òî÷êàõ

Èíîãäà áûâàåò íåâîçìîæíî íàéòè ïîäñòàíîâêó, êîòîðàÿ áû çíà÷èòåëü-
íî óïðîùàëà âèä óðàâíåíèÿ. Îäíàêî, åñëè çàôèêñèðîâàòü îäíó èç ñâî-
áîäíûõ ïåðåìåííûõ, íåêîòîðûå ÷ëåíû óðàâíåíèÿ ìîãóò òàêæå îêàçàòüñÿ
ôèêñèðîâàííûìè. Äëÿ íèõ ìîæíî ââåñòè óäîáíûå îáîçíà÷åíèÿ è èñïîëü-
çîâàòü ïðè ðåøåíèè êàê îáû÷íûå êîíñòàíòû. Åñëè ýòè êîíñòàíòû âîéäóò
â îòâåò, ïðîâåðêà ïîêàæåò, êàêèå èõ çíà÷åíèÿ ÿâëÿþòñÿ äîïóñòèìûìè.

×àñòî ïðè òàêîì ìåòîäå ðåøåíèÿ áûâàåò ïîëåçåí ìåòîä çàìåíû ïåðå-
ìåííûõ.
Ïðèìåð 27. Ðåøèòü óðàâíåíèå f(x+ f(y)) = xy.
Ðåøåíèå. Ïîäñòàíîâêà y = 0 äàåò f(x + f(0)) = 0. Íà ïåðâûé âçãëÿä
ïîëüçû ìàëî, òàê êàê ìû íå çíàåì, ÷åìó ðàâíî f(0). Îáîçíà÷èì f(0) =
c, òîãäà ïîëó÷àåì f(x + c) = 0. Ñäåëàâ çàìåíó ïåðåìåííîé t = x + c
(ïîäñòàíîâêà x = t − c), ïîëó÷àåì f(t) = 0, íî òàêàÿ ôóíêöèÿ î÷åâèäíî
íå óäîâëåòâîðÿåò èñõîäíîìó óðàâíåíèþ, ïîýòîìó ðåøåíèé íåò.
Ïðèìåð 28. Ðåøèòü óðàâíåíèå f(x+ f(y)) = x+ y.
Ðåøåíèå. Ñíîâà ñäåëàåì ïîäñòàíîâêó y = 0 è îáîçíà÷èì c = f(0),
ïîëó÷èì f(x + c) = x. Çàìåíà t = x + c äàåò f(t) = t − c. Íåñìîòðÿ
íà òî, ÷òî òî÷íîå çíà÷åíèå c íàì íåèçâåñòíî, ìû óæå çíàåì, ÷òî ëèøü
ôóíêöèè âèäà f(x) = x−c, ãäå c = const, ìîãóò óäîâëåòâîðÿòü óðàâíåíèþ
ïðè âñåõ x, y. ×òîáû íàéòè c, ïîäñòàâèì íàéäåííóþ ôóíêöèþ â èñõîäíîå
óðàâíåíèå (çàîäíî òàêèì îáðàçîì ñäåëàåì ïðîâåðêó):

f(x+ f(y)) = f(x+ (y − c)) = (x+ (y − c))− c = x+ y − 2c.

Îòñþäà âèäèì, ÷òî ðàâåíñòâî f(x+ f(y)) = x+ y âûïîëíÿåòñÿ äëÿ âñåõ
x, y ïðè c ðàâíîì 0 è òîëüêî ïðè íåì. Ïîýòîìó îòâåò f(x) = x.
Ïðèìåð 29. Ðåøèòü óðàâíåíèå f(x− f(y)) = x− y.
Ðåøåíèå. Ðåøàÿ ýòî óðàâíåíèå àíàëîãè÷íî ïðåäûäóùåìó, ïîëó÷èì
f(x) = x+c (ïðîäåëàéòå âûêëàäêè ñàìîñòîÿòåëüíî). Åñëè òåïåðü ñäåëàòü
ïðîâåðêó, îêàæåòñÿ, ÷òî

f(x− f(y)) = f(x− (y + c)) = (x− (y + c)) + c = x− y
äëÿ âñåõ x, y, c ∈ R. Ïîýòîìó îòâåòîì áóäåò ñåìåñòâî ôóíêöèé f(x) =
x+ c, c ∈ R.
Óïðàæíåíèÿ.

30. f(x+ y) = f(x) + y.
31. f(x+ y) = f(x)− y.
32. f(x+ y) = y − f(x).
33. f(x+ y) = f(f(x)) + y.
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6 Èñïîëüçîâàíèå ñþðúåêòèâíîñòè èñêîìîé ôóíê-

öèè

Ïðèìåð 34. Íàéòè âñå ñþðúåêòèâíûå ôóíêöèè f : R→ R òàêèå, ÷òî

f(x+ y) = f(x)f(y). (8)

Ðåøåíèå. Äàííîå ðàâåíñòâî íàïîìèíàåò íàì ñâîéñòâî ñòåïåíè ax+y =
axay. Ïîýòîìó ôóíêöèè âèäà f(x) = ax áûëè áû ðåøåíèÿìè óðàâíå-
íèÿ (8), åñëè îòêàçàòüñÿ îò óñëîâèÿ ñþðúåêòèâíîñòè.

Ïîêàæåì, ÷òî íå ñóùåñòâóåò ñþðúåêòèâíûõ ôóíêöèé, óäîâëåòâîðÿþ-
ùèõ óðàâíåíèþ (8). Â ñàìîì äåëå, åñëè f ñþðúåêòèâíà, òî îíà äîëæíà
ïðèíèìàòü âñå äåéñòâèòåëüíûå çíà÷åíèÿ, â òîì ÷èñëå çíà÷åíèå 0. Îáî-
çíà÷èì ÷åðåç z òàêîå äåéñòâèòåëüíîå ÷èñëî, ÷òî f(z) = 0.

Ïîäñòàâëÿÿ y = z â (8), ïîëó÷èì f(x + z) = f(x)f(z) = 0. Çàìåíÿÿ
x+z íà t ïîëó÷àåì f(t) = 0, t ∈ R. Îäíàêî òàêàÿ ôóíêöèÿ ñþðúåêòèâíîé
íå ÿâëÿåòñÿ.

Ñþðúåêòèâíîñòü èñêîìîé ôóíêöèè ìîæåò áûòü íå çàäàíà â óñëîâèè,
íî ñëåäîâàòü èç ñàìîãî ôóíêöèîíàëüíîãî óðàâíåíèÿ.
Ïðèìåð 35. Íàéòè âñå ôóíêöèè f : R→ R òàêèå, ÷òî

f(xf(y)) = f(x) + y.

Ðåøåíèå. Ïðè ôèêñèðîâàííîì x ïðàâàÿ ÷àñòü ïðè ðàçíûõ y ïðèíèìà-
åò âñå äåéñòâèòåëüíûå çíà÷åíèÿ. Çíà÷èò, è ëåâàÿ ÷àñòü ïðèíèìàåò âñå
äåéñòâèòåëüíûå çíà÷åíèÿ, òî åñòü ôóíêöèÿ f ñþðúåêòèâíà.

Ïóñòü f(z) = 0. Ïðè y = z f(xf(y)) = f(0), ïîýòîìó óðàâíåíèå ïðè-
íèìàåò âèä f(0) = f(x) + z, f(x) = f(0) − z = const. Îäíàêî î÷åâèäíî,
÷òî íèêàêàÿ êîíñòàíòà íå ìîæåò óäîâëåòâîðÿòü äàííîìó óðàâíåíèþ.
Ïðèìåð 36. Íàéòè âñå ôóíêöèè f : R→ R òàêèå, ÷òî

f(xf(x) + f(y)) = x+ f(y).

Ðåøåíèå. Ñíîâà âèäèì, ÷òî èñêîìàÿ ôóíêöèÿ ñþðúåêòèâíà (ïðè ôèê-
ñèðîâàííîì y ïðàâàÿ ÷àñòü ïðèíèìàåò âñå äåéñòâèòåëüíûå çíà÷åíèÿ).
Ïðè ðåøåíèè ýòîãî óðàâíåíèÿ ìû âîñïîëüçóåìñÿ ñþðúåêòèâíîñòüþ äâà-
æäû.

Âíà÷àëå íàéäåì òàêîå z ∈ R, ÷òî f(z) = 0. Ïîäñòàíîâêà x = z äàåò
f(f(y)) = z + f(y).
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Ïîýòîìó, çàìåíÿÿ f(y) íà t, ïîëó÷àåì f(t) = t+ z. Îäíàêî ýòî ðàâåí-
ñòâî ñïðàâåäëèâî ëèøü äëÿ òåõ t, êîòîðûå ïðåäñòàâèìû â âèäå t = f(y)
äëÿ íåêîòîðîãî y ∈ R. È ñíîâà íà ïîìîùü ïðèõîäèò ñþðúåêòèâíîñòü �
ïîñêîëüêó f ïðèíèìàåò âñå çíà÷åíèÿ èç R, òî êàæäîå t ∈ ìîæíî ïðåä-
ñòàâèòü êàê t = f(y) äëÿ íåêîòîðîãî y, à çíà÷èò ðàâåíñòâî f(t) = t + z
ñïðàâåäëèâî ïðè âñåõ t ∈ R.

Îñòàåòñÿ ñäåëàòü ïðîâåðêó è âûÿñíèòü, ïðè êàêèõ ïîñòîÿííûõ z ôóíê-
öèÿ f(t) = t+ z áóäåò óäîâëåòâîðÿòü äàííîìó óðàâíåíèþ.
Óïðàæíåíèÿ.

37. f(xf(y) + y) = x+ f(y).
38. f(f(y) cosx+ x) = sin x+ y.
39. f(f(f(x)) + y) = x+ f(f(y)).
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7 Óðàâíåíèÿ îòíîñèòåëüíî f (x)

Ïðèìåð 40. Íàéòè âñå f : R→ R òàêèå, ÷òî

(f(x))2 = 1. (9)

Ðåøåíèå. Ðàññìàòðèâàÿ ýòî êàê óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîãî
f(x), ïîëó÷àåì [

f(x) = 1,

f(x) = −1.
(10)

Ìîæåò ïîêàçàòüñÿ, ÷òî îòâåòîì áóäóò äâå ôóíêöèè, f(x) ≡ 1 è f(x) ≡
−1. Îäíàêî, ýòî íå òàê.

Ðàññìîòðèì, íàïðèìåð, ôóíêöèþ

f(x) =

{
−1, x < 0;

1, x > 0.

Íåñëîæíî âèäåòü, ÷òî òàêàÿ ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ.
Êàêîé æå ñìûñë ïðèäàòü ñîâîêóïíîñòè (10)? Ïîñêîëüêó èñõîäíîå ðà-

âåíñòâî (9) äîëæíî âûïîëíÿòüñÿ äëÿ âñåõ x ∈ R, òî è ñîâîêóïíîñòü (10)
òàêæå äîëæíà âûïîëíÿòüñÿ äëÿ âñåõ x ∈ R, òî åñòü äëÿ êàæäîãî x èìå-
åò ìåñòî îäíî èç ðàâåíñòâ. Îäíàêî íåâåðíûì áóäåò ïðåäïîëîæåíèå, ÷òî
îäíî èç ðàâåíñòâ âûïîëíÿåòñÿ ñðàçó äëÿ âñåõ x. Êàê ìû óâèäåëè íà ïðè-
ìåðå, äëÿ îäíèõ x ìîæåò âûïîëíÿòüñÿ îäíî èç ðàâåíñòâ, à äëÿ äðóãèõ �
äðóãîå.

Ïîïðîáóåì îõàðàêòåðèçîâàòü ìíîæåñòâî ôóíêöèé, çàäàâàåìîå óðàâ-
íåíèåì (9). Ïóñòü A � ìíîæåñòâî òåõ x, äëÿ êîòîðûõ âûïîëíåíî ïåðâîå
ðàâåíñòâî. Òîãäà äëÿ âñåõ îñòàëüíûõ x äîëæíî áûòü âûïîëíåíî âòîðîå.
Ìû âèäèì, ÷òî ìíîæåñòâî A îäíîçíà÷íî çàäàåò ôóíêöèþ f :

f(x) =

{
1, x ∈ A;

−1, x ∈ R\A.

Îñòàåòñÿ ïðîâåðèòü, ÷òî ïðè ëþáîì A ⊂ R äëÿ âñåõ x ∈ R ôóíêöèÿ
óêàçàííîãî âèäà óäîâëåòâîðÿåò ðàâåíñòâó (9).

Îòâåò òàêæå ìîæåò áûòü çàïèñàí â âèäå E(f) = {±1}, ãäå E(f) îáî-
çíà÷àåò ìíîæåñòâî çíà÷åíèé ôóíêöèè f .
Ïðèìåð 41. Íàéòè âñå f : R→ R òàêèå, ÷òî

(f(x) + f(y))2 = (x+ y)2.
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Ðåøåíèå. Ïîäñòàíîâêà x = y = 0 äàåò f(0) = 0.
Ïîäñòàâèì òåïåðü y = 0. Ïîëó÷èì

(f(x))2 = x2.

Êàê ìû óæå çíàåì, äëÿ êàæäîãî x ∈ R ñóùåñòâóþò äâå âîçìîæíîñòè:
f(x) = x èëè f(x) = −x. Îäíàêî â äàííîì ñëó÷àå íå âñå ôóíêöèè f ñ
f(x) = ±x áóäóò ðåøåíèÿìè.

Èìåííî, äîêàæåì, ÷òî ëèøü ôóíêöèè f(x) ≡ x è f(x) ≡ −x óäîâëå-
òâîðÿþò óñëîâèþ.

Åñëè f íå ñîâïàäàåò íè ñ îäíîé èç ýòèõ ôóíêöèé, òî íàéäóòñÿ òàêèå
x, y 6= 0, ÷òî f(x) = x, f(y) = −y. Òîãäà, ïîäñòàâèâ èõ â èñõîäíîå óðàâ-
íåíèå, ïîëó÷èì (x−y)2 = (x+y)2, îòêóäà ñëåäóåò, ÷òî xy = 0. Ïîëó÷èëè
ïðîòèâîðå÷èå.

Îñòàåòñÿ ïðîâåðèòü, ÷òî óêàçàííûå ôóíêöèè óäîâëåòâîðÿþò óðàâíå-
íèþ ïðè âñåõ x, y ∈ R.
Óïðàæíåíèÿ.

42. (f(x))2 = x2.
43. f(x)2 − 3f(x) + 2 = 0.
44. f(x)2 = xf(x).
45. (f(x) + f(y))2 = 1.
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8 Ñèììåòðèÿ è öèêëè÷íîñòü

Íàïîìíèì, ÷òî âûðàæåíèå íàçûâàåòñÿ ñèììåòðè÷åñêèì îòíîñèòåëüíî
ïåðåìåííûõ x1, x2, . . . , xn, åñëè îíî íå èçìåíÿåò ñâîé âèä ïðè ëþáûõ ïå-
ðåñòàíîâêàõ ýòèõ ïåðåìåííûõ. Âûðàæåíèå íàçûâàåòñÿ öèêëè÷åñêèì îò-
íîñèòåëüíî ïåðåìåííûõ x1, x2, . . . , xn, åñëè îíî íå èçìåíÿåò ñâîé âèä ïðè
öèêëè÷åñêîé çàìåíå ïåðåìåííûõ x1 → x2, x2 → x3, . . . , xn → x1.
Ïðèìåð 46. Íàéòè âñå f : R→ R òàêèå, ÷òî

f(x− y) + f(y − x) = f(x)− f(y).

Ðåøåíèå. Ëåâàÿ ÷àñòü ÿâëÿåòñÿ ñèììåòðè÷åñêîé îòíîñèòåëüíî x è y, à
ïðàâàÿ � íåò. ×òîáû âîñïîëüçîâàòüñÿ ýòèì, ñäåëàåì çàìåíó x→ y, y → x:

f(x− y) + f(y − x) = f(y)− f(x).

Ñðàâíèâàÿ ïîëó÷åííîå óðàâíåíèå ñ èñõîäíûì, çàêëþ÷àåì, ÷òî f(x)−
f(y) = f(y) − f(x), f(x) − f(y) ≡ 0, òî åñòü f ÿâëÿåòñÿ êîíñòàíòîé.
Ïðîâåðêà ïîêàçûâàåò, ÷òî f(x) ≡ 0.
Ïðèìåð 47. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå óäîâëåòâîðÿþò
óðàâíåíèþ

f(2x+ y) = (f(x))2 + (f(y))2.

Ðåøåíèå. Çàìå÷àåì, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ ñèììåòðè÷íà, à ëåâàÿ
íåò. Ñäåëàåì çàìåíó x→ y, y → x:

f(2y + x) = (f(x))2 + (f(y))2.

Îòñþäà ìîæíî çàêëþ÷èòü, ÷òî f � êîíñòàíòà. Äåéñòâèòåëüíî, äëÿ
äîêàçàòåëüñòâà òîãî, ÷òî f(a) = f(b), äîñòàòî÷íî íàéòè òàêèå x, y, ÷òî
a = 2x+ y, b = 2y + x. Íåñëîæíî óáåäèòüñÿ, ÷òî ñèñòåìà óðàâíåíèé{

2x+ y = a,

x+ 2y = b;

èìååò ðåøåíèå ïðè âñåõ a, b ∈ R.
Ïðèìåð 48. Íàéòè âñå ôóíêöèè f : R → R, êîòîðûå óäîâëåòâîðÿþò
óðàâíåíèþ

sin(x− y2) + sin(y − z2) + sin(z − x2) = f(x) + 2f(y) + 3f(z).
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Ðåøåíèå. Ëåâàÿ ÷àñòü öèêëè÷åñêàÿ îòíîñèòåëüíî x, y, z. Ñäåëàâ öèê-
ëè÷åñêóþ çàìåíó x→ y, y → z, z → x, ïîëó÷àåì

sin(x− y) + sin(y − z) + sin(z − x) = f(y) + 2f(z) + 3f(x).

Ñðàâíèâàÿ ïîëó÷åííîå ðàâåíñòâî ñ èñõîäíûì, ïîëó÷àåì f(x)+2f(y)+
3f(z) = f(y)+2f(z)+3f(x), îòêóäà f(y) = 2f(x)−f(z). Òåïåðü äîñòàòî÷íî
ïîäñòàâèòü x = z = 0 è óáåäèòüñÿ, ÷òî f(y) = f(0) = const. Î÷åâèäíî,
êîíñòàíòà íå óäîâëåòâîðÿåò èñõîäíîìó óðàâíåíèþ, ïîýòîìó ðåøåíèé íåò.
Óïðàæíåíèÿ.

49. f(x2 + y2) = f(x) + y.
50. f(x5 + y3) = (f(x))4 + (f(y))4.
51. f(xf(y) + yf(z) + zf(x)) = x− y + z.

14


